Abstract: Various definitions of compatible maps are characterized and compared in terms of continuity of maps, fixed points and certain limits. Common fixed point theorems for a new class of compatible maps on complete metric spaces are proved. Subsequently, the main result is applied to prove the existence of solutions of two systems of nonlinear integral equation.
Introduction
The fixed point theory of commuting mappings has been an interesting and ever growing area of enquiry since the famous problem that whether two commuting continuous mappings on an interval have a common fixed point, was settled in the negative (see [2] , [12] ). Various applications (see for example, [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] , [13] [14] [15] ), weakenings (resp. generalizations) of commutativity in fixed point theory have been suggested in recent years, and one of them, known as compatibility condition, introduced by Jungck [16] has been very sensational as far as its fertility and utility are concerned (see for example, [16] [17] [18] [19] [20] [21] [22] [23] [24] , [26, 27] , [29] [30] [31] [32] ). In this paper we introduce the notions of compatible mappings of type (I) and (II) and utilize them to study common fixed points of a quadruple of self-mappings on a complete metric space. We present a number of examples to illustrate that above notions are viable meaningful, and potentially sharper tools as compared to some of their predecessors. Finally, two concrete applications of our main theorem to Voltera-Hammerstein and Hammerstein-type of nonlinear integral equations (see for ref. [37] ) with infinite delay are considered.
Proof. Suppose there is a sequence {x n } in X such that lim" Ax n = lim n Sx n = t for some t G X. Suppose A and S are A-compatible, then, since S is continuous, we have lim n d(ASx n , SSx n ) = 0 = lim n d (ASx n , St) . Further, d(t, St) 
< d(t, ASx n ) + d(ASx n , St) so that d(t, St) < lim n d(t, ASx n ) +lim" d(ASx n , St) < lim" d(t, ASx n ). Hence d(t, St) < lim d(t, ASx n ).
This inequality holds for every choice of the sequence {x"} in X with the corresponding t € X, and so the pair (A, S) is compatible of type (I). # PROPOSITION 2.7. Let A, S : X X be mappings with S (resp. A) continuous. Then A and S are A-compatible (resp. S-compatible) if the pair (A, S) is compatible of type (I) (resp. of type (II)) and for every sequence {x n } in X such that lim n Ax n = lim" Sx n = t for some t G X it follows that lim n ASx n = t (resp. lim" SAx n = t).
Proof. Suppose {x n } is a sequence in X such that lim" Ax n = lim" Sx n = t for some t G X. Suppose that the pair (A, S) is compatible of type (I), and since S is continuous, we have
Thus, lim n d(ASx n ,SSx n ) = 0. This limit always exists and it is 0 for any sequence {a;"} in X with the corresponding t G X. Hence A and S are A-compatible. # By unifying Proposition 2.6 and 2.7, we have the following: PROPOSITION 2.8. Let A, S : X -• X be mappings with S (resp. A) continuous. Suppose that for every sequence {x n } in X such that lim n Ax n = lim" Sx n -t for some t G X we have lim" ASx n = t (resp. lim n SAx n = t). A-compatible (resp. S-compatible) . x G [0,2), Sx = 2 for x G [2, oo). Then A and S both are discontinuous at t = 2. Consider the sequence {£"} in X defined by x n = 1/n, n = 1,2,... Then we have lim n Ax n = lim n Sx n = 2. Further, lim" d(ASx n , SAx n ) = 2, lim n (AAa:", SSx n ) = 0, and lim n d(AAx n , SAx n ) = 0, lim n d(ASx n , SSx n ) = 2. Therefore A and S are compatible of type (P) and ¿"-compatible, but they are neither compatible nor A-compatible. Moreover, t = 2 is a common fixed point of A and S. Hence the pair (A, S) is compatible of type (I) as well as of type (II). [2, oo) . Then A and 5 are not continuous at t = 2. We claim that A and 5 are not compatible, but they are ^-compatible as well as ¿"-compatible. To see this, let {x n } be a sequence in X such that lim n Ax n = lim n Sx n = t G X. By definition of A and 5, t G [2,oo) . Since A and 5 agree on [2,oo), we need only consider t = 2. Suppose that x n -» 2 and x n < 2 for all n. Then Ax n = x n -> 2 from the left and Sx n = 4 -x n ->• 2 from the right. Then, since 4 -x n > 2 for all n, ASx n -4, and since x n < 2 for all n, SAx n -4 -x n -> 2. The following example shows that the conclusion of Proposition 2.6 need not to be true if S is not continuous. Next, we give some properties of compatible mappings of types (I) and (II) for our main theorem. Then by choosing an arbitrary XQ G. X and using (1), we can define a sequence {j/ n } in X by Now we state our main theorem which improves and extends the corresponding theorems of Jungck et al. [21] , Pathak [29] , Pathak and Khan [33] and Prasad [34] . Proof. By Lemma 3.3, the sequence {y n } defined by (3) is a Cauchy sequence in X. Therefore y n z for some z £ X. 
Then the pair (A, S) is compatible of type (I) (resp. type (II)) if and only if it is
which implies that Az = z. Therefore, Az = Bz = Sz = Tz = z and z is a common fixed point of A, B, S and T. The uniqueness of a common fixed point can be easily verified by using (2) . The other cases (a i), (02) and (03) Ty) for all x, y, 6 X, where 0 < a < 1 and any one of (ai)-(a4). Then A, B, S and T have a unique common fixed point in X.
Applications to nonlinear integral equations
In this section we use our results of section 3 to discuss the solvability of two different classes of nonlinear integral equations. L[a, oo) will represent the Banach space of real or complex valued functions that defined and Lebesgue integrable on [0, oo) equipped with its usual norm, where a is any real number.
First we give an existence theorem for a pair of simultaneous VolterraHammerstein (see for ref. [37] ) equations with infinite delay in ¿[a, oo). Consider the following pair of equations: Our first existence theorem can be formulated as follows: 
Dx(t) = f(t) + A \ k(t, s)h 2 {s, x(s))ds a Sx(t) = (I-C)x(t),Tx(t) = (I-D)x(t)
where I is the identity operator on L[a, 00). Then A, B, C, D, S and T are operators from L[a, 00) into itself. Notice that t a 00 < \fi\ sup |m(f,a)|-\ \g!(s,x(s))\ds. 0<4<00
Therefore by conditions (Ci) and (C3), 00 00 00 j \Ax(t)\dt < |/x| j sup \m(t,s)\dt-J ¡^(s, x(s))|<i5 < +00 a a a < s <°° a and hence Ax € L[a, 00).
The proof is similar for B. As far C, we have from conditions (C2) and (C4) that 00 00 00 00 \ \Cx(t)\dt < \ \f(t)\dt + |A| J sup |k(t, s)\dt • \ \hi(s, x(s) This proves the announced inclusion. A similar argument will lead to the conclusion that B(L[a, oo)) C
S(L[a,oo)).
Next, we prove that the pairs (A, S) and (B, T) are compatible of type (I). We shall establish it for the pair (A, 5"). Indeed, from the condition (a) of the theorem, we deduce that
Consequently,
But if we set oo t a = ^ \Ti(t)~s)gi(s,x n (s)~f(s)~\ J k(s,T)hi(r,x n ( T ))drjds\dt,
a a a then we have, using first the definition of (I -C) and later the condition (Ci) that which establishes the claim that the pair (A, S) is compatible of type (I). As for the pair (B, T), the proof is similar.
It remains to show that the operator S is continuous. Indeed, for any sequence in L[a, 00) that converges to x G L[a, 00), we have by conditions (C 2 ) and (C 4 ) that
proving that S is continuous. Hence all the conditions of Corollary 3.1 are satisfied. Therefore, there exists a unique u G L[a, oo) such that Au = Bu = Su = Tu = u, and consequently, u is the unique solution of (*). # Next, we give an existence theorem for the Hammerstein-type simultaneous integral equations with an infinite delay in L[a, oo) described by:
for all t € [a, oo), where (pi(t,s) and ifii(t,s) are real or complex valued functions that are measurable both in t and s on [a, oo) such that (fi and ij)i satisfy conditions (C3) and (C4) respectively, whereas k(t,s) is the function as described earlier and satisfying condition (C 2 ) with
It may be remarked that these equations (**) appear in problems associated with plastic industries, when two different qualities of hot plastic materials are stretched over an obstacle and constant heat is supplied for sufficiently large time under the control functions (pi and ^>¿,¿ = 1,2. 
Sx(t) = (/ -C)x{t), Tx(t) = (I -D)x(t).
Then by conditions (C2)~{Ci) and noting that / G L[a, 00), it can be verified that A, B, C, D, S and T are operators from Z[a,oo) into itself. Moreover, by condition (C4) on <pi, we have (7) \\Ax -By\\ < K 2 \\X -y\\ for all x,y e L[a, 00).
Further, under the assumptions (C2) and (C3), we have ||Cx -Dy\\ < \X\MKiWx -2/11 for all x,y 6 L[a, 00).
Consequently, for all x, y G L[a, 00) we obtain 00
Therefore, From (7) and (8) (7), while condition (b*) leads to the conclusion that A(L[a, 00) C r(7[a,oo)) and B(L[a, 00)) C 5(i[a, 00)). Similarly, we can prove that S is continuous. Hence by Corollary 3.1 the conclusion of the theorem follows. #
